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Abstract

Normalizing flows have received a great deal of recent
attention as they allow flexible generative modeling
as well as easy likelihood computation. While a wide
variety of flow models have been proposed, there is
little formal understanding of the representation power
of these models.

In this work, we study a class of simple normaliz-
ing flows called planar flows, and rigorously establish
bounds on their expressive power. Our results indi-
cate that while these flows are highly expressive in
one dimension, in higher dimensions their representa-
tion power may be limited, especially for planar flows
of moderate depth.

1 Introduction

Normalizing flows are a class of deep generative mod-
els that aspire to learn an invertible transformation to
convert a pre-specified distribution, such as a standard
Gaussian, to the distribution of the input data. Nor-
malizing flows offer flexible generative modeling – as
the invertible transformation can be implemented by
deep neural networks – and easy likelihood computa-
tion that follows from the invertibility of the transfor-
mation.

Due to these advantages as well as their empirical
success, a great number of flow models have been re-
cently proposed [Dinh et al., 2014, Germain et al.,
2015, Uria et al., 2016, Kingma et al., 2016, Tom-
czak and Welling, 2016, Dinh et al., 2016, Papamakar-
ios et al., 2017, Huang et al., 2018, Berg et al., 2018,
Grathwohl et al., 2018, Behrmann et al., 2018, Jaini
et al., 2019, Ho et al., 2019]. However, the expres-
sive power offered by the different kinds of flow mod-
els – namely, what kind of distributions they can
map between, and with what complexity – remain ill-
understood. Obviously, due to their invertible nature,
a normalizing flow can only transform a distribution to
one with a homeomorphic support [Armstrong, 2013].

However, even within such distributions, it remains
unclear whether a simple one supported on Rd could
be transformed or approximated through a Gaussian
distribution.

In this work, we carry out a rigorous analysis of the
expressive power of planar flows – one of the simplest
and most basic class of normalizing flows – that still re-
main ill-understood. The main challenge in analyzing
the expressive power of any flow model class is invert-
ibility, which ensures that prior results and techniques
that establish the expressivity of standard neural net-
works do not apply. Just because a function class F
is an universal approximator does not mean the set of
all invertible functions in its intersection can transform
between arbitrary distributions. Additionally, univer-
sal approximation properties are often proved by con-
struction via non-invertible functions (e.g. trapezoid
functions in [Lin and Jegelka, 2018]), and hence these
constructions do not apply to the corresponding flows.
Finally, even if functions in F have limited expressiv-
ity, it is possible that its invertible subset is an uni-
versal approximator in transforming between distribu-
tions – see for example in [Jaini et al., 2019].

This work gets around this challenge by studying
properties of input-output distribution pairs directly,
instead of considering the transformation class itself.
In particular, we consider both a local and global anal-
ysis of properties of planar flows. First, we look at the
local topology, especially directional derivatives of the
induced density. Second, we seek to bound the global
`1 norm distance between input and output distribu-
tions, where the `1 norm of any function g : Rd → R
is defined by ‖g‖1 =

∫
Rd |g(x)|dx.

Using these two kinds of analysis, we make three
main contributions in this paper.

First, we show that in one dimension, even planar
flows are highly expressive. In particular, planar flows
can transform a source distribution supported on R
to an arbitrarily-accurate approximation of any target
distribution. The conclusion holds even if we restrict
to planar flows with ReLU non-linearity (a very com-
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monly used non-linearity) and Gaussian source distri-
butions. This indicates that planar flows in one dimen-
sion are universal approximators (under certain condi-
tions).

We then turn our attention to what happens in gen-
eral d-dimensional spaces, and we look at what kinds of
distributions may be expressed by a planar flow model
acting on a standard Gaussian N (0, Id), mixtures of
Gaussian (MoG) distribution, or a product distribu-
tion. We show that when the non-linearity is a ReLU
function, planar flows of any depth cannot in general
exactly transform between certain standard classes of
distributions. In particular, ReLU planar flows can-
not exactly transform any one mixture of k Gaussian
or product distribution into another one – no matter
what the depth is – unless under very special circum-
stances.

Finally, we consider the approximation capability of
planar flow models in d-dimensional space. Here, we
focus on planar flows with a class of non-linearities that
we call local flows, and that includes common non-
linearities such as tanh, arctan and sigmoid. We show
that in this case, provided certain conditions hold,
transforming a source distribution into a target may
require flows of inordinately large depth. In particular,
if the target distribution p(z) is constant in a ball cen-

tered at the origin and proportional to exp(−‖x‖1/τ2 )
outside the ball, then p may require planar flows with
depth Ω

(
d1/τ−1

)
to transform where d is the data di-

mension. This indicates that when the non-linearity
used belongs to this class, planar flows of moderate
depth may have poor approximation powers.

2 Related Work

2.1 Neural Network Approximation Theory

There have been a number of approximation and ex-
pressivity analysis of deep neural networks [Cybenko,
1989, Hornik et al., 1989, Hornik, 1991, Lu et al.,
2017, Hanin, 2017]. These classical results focus on
classical feed-forward neural networks and do not ap-
ply to normalizing flows because the width of each hid-
den layer as well as the output layer varies. Recently,
however, a very related work appeared and proved that
ResNet with each block being an one-neural layer with
ReLU activation is a universal approximator in `1(Rd),
the space of Lebesgue integrable functions from Rd to
Rd [Lin and Jegelka, 2018]. Surprisingly, if we assign
the non-linearity in the planar flow to be the ReLU
function (see eqn. 3), then the flow composed of T
ReLU planar flows (see section 5.2) is identical to the
T -layer ResNet structure in their work. Nonetheless,
there proof is by construction based on trapezoid func-
tions which are not invertible mappings (see Figure 4
and Figure 7 in [Lin and Jegelka, 2018]), breaking the

essential rule in normalizing flows that each transfor-
mation has to be invertible. As a consequence, their
universal approximation result does not apply to any
positive result on planar flows.

2.2 Expressivity of Generative Networks

Another relevant work in on the expressivity of gener-
ative networks [Bailey and Telgarsky, 2018]. In detail,
if the input dimension is equal to the output dimen-
sion, then it is possible for a generative network of
certain size to approximate a uniform distribution by
a Gaussian distribution and vice versa (see section 3
in their work). In the ”normal to uniform” case, they
managed to approximate the finite sum of the Maclau-
rin series of Φ, the cumulative distribution function of
the Gaussian distribution. In the ”uniform to normal”
case, they presented a binary search way to approxi-
mate the inverse of a function using this function’s
approximator, and applied this inversion to Φ. Again,
recalling the necessary invertibility condition of each
transformation in normalizing flows, it is natural and
not hard to figure out that the sum of the first a few
terms in the Maclaurin series of Φ is not invertible.
This observation then blocks generalization of their
approximation results to normalizing flows.

2.3 Normalizing Flows

The idea of transforming a simple distribution to a
complicated one by composing a number of simple
transformation functions was initially shown feasible in
solving density estimation problems, where such trans-
formations are named normalizing flows [Tabak et al.,
2010, Tabak and Turner, 2013]. This methodology was
further improved to model variational posterior distri-
butions in variational inference, and two basic nor-
malizing flows (planar flows, the main objective in our
work, and radial flows) were introduced [Rezende and
Mohamed, 2015]. After its success in promoting the
deep latent Gaussian models on the MNIST dataset
[LeCun, 1998], the community of normalizing flows
began to flourish. In order to enhance the expressive
power of transformations while keeping the calculation
of the determinant of their Jacobian matrices simple,
two categories of normalizing flows were developed.

Triangular flows. An increasing triangular function
f : Rd → Rd, f = (f1, · · · , fd)> must satisfy for any
x = (x1, · · · , xd)> ∈ Rd, and for any 1 ≤ i ≤ d, fi(x)
only depends on x1, · · · , xi and is an increasing func-
tion in xi. Then it was rigorously proven that increas-
ing triangular transformations can transform between
arbitrary distributions [Villani, 2008]. Therefore, tri-
angular flows composed of increasing triangular func-
tions are expected (yet have not rigorously proven) to
enjoy good expressive power. In addition, since the Ja-
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cobian matrix of an increasing triangular function is a
triangular matrix, its determinant can be computed by
multiplying the diagonal entries. These two benefits
led to the presence of a large family of triangular flows
[Dinh et al., 2014, Germain et al., 2015, Uria et al.,
2016, Kingma et al., 2016, Dinh et al., 2016, Papa-
makarios et al., 2017, Huang et al., 2018, Jaini et al.,
2019]. Among all these flows, only the last one was
shown to enjoy the universal approximation property
inherently due to the Stone–Weierstrass Theorem.

Non-triangular flows. On the other hand, there are
still possibly easy ways to calculate the determinant
of the Jacobian matrix and the inverse of a delicately
designed non-triangular transformation function. Sev-
eral flows parameterized by matrices were inspired by
results from linear algebra and thus enjoy this prop-
erty [Tomczak and Welling, 2016, Hasenclever et al.,
2017, Ho et al., 2019, Berg et al., 2018], where the last
one is a matrix-form generalization of the planar flow.
Moreover, a recent non-triangular flow, the iResNet,
in the form of residual networks (ResNet) [He et al.,
2016], was designed with an efficient log-det approxi-
mator. It was further improved in residual flows with
an unbiased approximator [Chen et al., 2019]. How-
ever, the expressivity of these flows still remain un-
known, even though the iResNet is expressed by pow-
erful neural networks.

2.4 Continuous Time Flows

It is possible, from the infinitesimal point of view, to
generalize the idea of discrete update of finite flows
to continuous update of infinite flows, described by a
differential equation instead of a sequence of trans-
formations in the finite flow context [Chen et al.,
2017, Grathwohl et al., 2018, Chen et al., 2018, Salman
et al., 2018, Zhang et al., 2018]. Unfortunately, a
counter-example was provided on the expressivity of
the neural ODEs [Chen et al., 2018]: if g(x) is equal
to −1 if ‖x‖ ≤ r1 and 1 if r2 ≤ ‖x‖ ≤ r3, where
r1 < r2 < r3, then neural ODEs cannot represent this
function [Dupont et al., 2019]. However, this does not
prove false that neural ODEs are universal approxima-
tors in that (i) the failure in exact transformation does
not imply the impossibility in approximation, and (ii)
universal transformation does not necessarily need uni-
versal function representation (for instance, triangular
maps are enough as shown above).

To tackle the problem of such counter-example, ad-
ditional p dimensions were introduced to ”augment”
the neural ODEs [Dupont et al., 2019]. By solving a
d+ p dimensional augmented ODE and extracting the
first d dimensions, the expressivity of the ODE is en-
hanced. It was further theoretically shown that the
augmented neural ODE is a universal approximator
in Rd when p = 1 [Zhang et al., 2019]. Nevertheless,

in the context of normalizing flows, every transforma-
tion has to be invertible, so the change of dimension
strategy (Rd+p → Rd), as well as its universal approx-
imation property, does not apply to normalizing flows.

3 Preliminaries

3.1 Definitions and Notation

Suppose d is the data dimension. Let z ∈ Rd be a
random variable with density qz : Rd → R+. Then, an
invertible function f : Rd → Rd is called a normalizing
flow if f is differentiable almost everywhere (a.e.) and
has a strictly positive determinant of the Jacobian:

det Jf (z) > 0 (a.e.)

where Jf (z)ij = ∂fi
∂zj

, ∀i, j ∈ {1, · · · , d}. If we ap-

ply a flow f over z, we obtain a new random variable
y = f(z), whose density qy can be written through the
change-of-variable formula:

qy(y) =
qz(z)

det Jf (z)
(1)

or

log qy(y) = log qz(z)− log detJf (z) (2)

For conciseness, we write qy = f#qz in such context.
In particular, if the flow f is composed of T simple
flows ft, t = 1 · · · , T :

f = fT ◦ fT−1 ◦ · · · ◦ f1

then according to the chain rule of the Jacobian ma-
trix, we have

log qy(y) = log qz(z)−
T∑
t=1

log detJft(zt−1)

where z0 = z, zt = ft(zt−1), t = 1, · · · , T .
In [Rezende and Mohamed, 2015], two kinds of sim-

ple flows are introduced:

• Planar Flows. Given parameters scaling vector
u ∈ Rd, tangent vector w ∈ Rd, shift vector b ∈ R,
and non-linearity h : R → R, a planar flow fPF
on Rd is defined by

fPF (z) = z + uh(w>z + b) (3)

• Radial Flows. Given parameters smoothing fac-
tor a ∈ R+, scaling factor b ∈ R, and center
z0 ∈ Rd, a radial flow fRF is defined by

fRF (z) = z +
b

a+ ‖z − z0‖2
(z − z0) (4)
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Geometrically, a planar flow on Rd functions as a non-
linear scaling transformation w.r.t. a d−1 dimensional
subspace in the Cartesian coordinate system, while
a radial flow on Rd functions as a non-linear scaling
transformation w.r.t. center z0 in the polar coordi-
nate system. This geometric intuition is demonstrated
in Figure 1.
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Figure 1: Planar (left) versus radial (right) flows.

3.2 Problem Statement

In this paper, we aim to understand the expressivity
of planar flows: given an input distribution qz and the
corresponding random variable z, we hope to under-
stand when a flow f composed of a finite number of
planar flows can transform qz into any target distribu-
tion p on Rd. Formally, suppose f is composed of T
planar flows. We propose to answer the following two
questions:

• Q1 (Exact transformation):

Under what conditions is it possible to exactly
transform qz into p with finite planar flows? That
is, f#qz = p, (a.e.).

• Q2 (Approximation):

Since sometimes it may not be possible to exactly
transform qz to p, when is it possible to approx-
imate p in `1 norm? How many layers of planar
flows do we need? That is, given ε > 0, is there a
bound for T such that

‖f#qz − p‖1 ≤ ε

3.3 Additional Definitions and Notations

The determinant of the Jacobian of a planar flow f
can be easily calculated by

det Jf (z) = 1 + u>wh′(w>z + b) (5)

In this paper, we consider three types of non-linearities
h: general differentiable functions, ReLU(x) =
max(x, 0), and local non-linearities (see Section 6 for

detail) including tanh(x) = exp(−x)−exp(x)
exp(−x)+exp(x) , arctan(x)

and sigmoid(x) = 1
1+exp(−x) . Specifically, if h =

ReLU , then the determinant of Jacobian of f can be
simplified as

det Jf (z) =

{
1 + u>w w>z + b ≥ 0

1 w>z + b < 0
(6)

In addition, we denote N as the Gaussian distribution
on Rd:

N (x;µ,Σ) =
exp

(
− 1

2 (x− µ)>Σ−1(x− µ)
)

(2π)d/2
√

det Σ

We denote Φp as the cumulative function of distribu-
tion p:

Φp(z) =

∫ z1

−∞
dx1

∫ z2

−∞
dx2 · · ·

∫ zd

−∞
dxd p(x)dx

We denote supp p as the support of distribution p:

supp p = {x ∈ Rd : p(x) > 0}

For vectors wi ∈ Rd, 1 ≤ i ≤ k, we denote the span of
them as the subspace spanned by {wi}ki=1:

span{w1, · · · , wk} =

{
k∑
i=1

λiwi : λi ∈ R, 1 ≤ i ≤ k
}

For any differentiable function g : Rd → R and direc-
tion δ ∈ Rd \ {0}, we denote its corresponding direc-
tional derivative as

∂g

∂δ

∣∣∣∣
x

= lim
α→0

g(x+ αδ)− g(x)

α

3.4 Challenges

There are two main challenges in analyzing the univer-
sal approximation property on transforming between
distributions using such analysis on functions. The
core issue is the invertability. Suppose F , C are func-
tion classes and I is the set of invertible functions.

If F has the universal approximation property in
C, then it might not hold that invertible functions in
F can approximate any invertible function in C. For-
mally, if F = C, then F ∩ I might not be C∩I. This is
because the set of invertible functions I might have no
interior in C: for any invertible function, it is possible
to modify it slightly to make it non-invertible. This
then violates the condition in Lemma 4 in [Mulansky
and Neamtu, 1998]. For instance, it was shown that
a certain ResNet (F) is a universal approximator in
C = `1(Rd) [Lin and Jegelka, 2018], and its invertible
function subset (F ∩ I) is exactly the set of transfor-
mations composed of finitely many ReLU planar flows.
However, since this universal approximation property
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was proved by construction using non-invertible trape-
zoid functions, we cannot apply this universal approx-
imation result to ReLU planar flows.

On the other hand, if F has limited expressivity, it
might still happen that functions in F ∩I can approx-
imate or even express transformations between arbi-
trary distributions. This is because a small subset of
functions T (for instance, increasing triangular maps
[Villani, 2008]) is enough in transforming between dis-
tributions. Therefore, if F ∩ I is dense in T , its ex-
pressivity is endorsed. However, it is unclear how to
formulate such T since there are many possible sub-
sets, and the set of increasing triangular maps is only
one of them that was well-studied.

4 Warm Up: One Dimension

In this section, we discuss the case when the data di-
mension d = 1. The one-dimensional case is not triv-
ial and requires delicate design. For both general and
ReLU non-linearity cases, we first show the possible
exact transformations that planar flows can achieve.
Then, we demonstrate how to use these transforma-
tions to achieve universal approximation.

4.1 General Smooth Non-linearity

Suppose the flow f is a single planar flow with an arbi-
trary smooth non-linearity h, we first answer the exact
transformation question by providing a sufficient con-
dition (Lemma 4.1), then use these exact transforma-
tions to obtain the universal approximation result.

Lemma 4.1 (Possible Transformations (single flow)).
For distributions p, q on R that are positive on n non-
intersect intervals:

supp q =

n⋃
i=1

(
l
(q)
i , r

(q)
i

)
, supp p =

n⋃
i=1

(
l
(p)
i , r

(p)
i

)

if Φq

(
r

(q)
i

)
= Φp

(
r

(p)
i

)
∀1 ≤ i ≤ n, then there exists

a planar flow f such that f#q = p.

The above lemma states that if the support of p and
q are composed of the same number of intervals and
on every interval, the integration of both distributions
are equal, then there exists a planar flow that exactly
transforms q into p. As a special case, if supp p =
supp q = R, the conclusion still holds. The proof
is straightforward by construction: the planar flow f
and its non-linearity h are explicitly solved. Next, we
show that using these exact transformations allows us
to approximate a distribution with support on finite
intervals when the input distribution is positive on R
(e.g. Gaussian distribution).

Theorem 4.2 (Universal Approximation). For distri-
butions p, q on R with supp q = R, and for any ε > 0,
there exists a planar flow f such that ‖f#q− p‖1 ≤ ε.

Since in Theorem 4.2, the support of p might not
be R, we are unable to achieve exact transformation
between them. However, approximation is possible in
that we can transform q into p̃, a distribution with
support on R but approximates p in `1 norm. To
achieve this, we construct such p̃ that satisfying p̃ ≈ p
on supp p and p̃ ≈ 0 on supp p. An example is shown
in Figure 2, where p(x) = 3

4 min((|x| − 1)2, (|x| − 3)2)
for 1 ≤ |x| ≤ 3.
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Figure 2: Target distribution p and its approximation
p̃ with supp p̃ = R.

4.2 ReLU Non-linearity

Since the ReLU activation has been proven to be ex-
pressive and is popular in recent neural network mod-
els [He et al., 2016, Lin and Jegelka, 2018], we provide
some theoretical results for planar flows with ReLU
non-linearity.

Suppose the one-dimensional ReLU flow has the
form f(z) = z + uh(wz + b), where h = ReLU .
Since ReLU is linear on both R− and R+, we assign
w ≥ 0, u = ±1 for conciseness. In addition, to ensure
the transformation is strictly increasing, we require
uw > −1. Different from the general non-linearity
case, the determinant of det Jf in eqn. 6 indicates
that a ReLU flow keeps a halfspace of R and applies
linear scaling transformation on the other halfspace.

Given that the input distribution q is Gaussian,
we first answer the exact transformation question by
showing that Gaussian distributions can be exactly
transformed to a subset of piecewise Gaussian distribu-
tions (see Definition 4.2). We will then use our exact
transformation results to establish the universal ap-
proximation result. First of all, we make a few defini-
tions to describe distributions that can be transformed
from Gaussian distributions through ReLU flows.

Definition 4.1 (Piecewise Distributions in C). Let C0
be the set of distributions with continuous densities.
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Suppose C ⊂ C0, then we define PW(n, C) to be the
set of all distributions p on R satisfying: there exists
an n-interval-partition of R described by subdivisions
−∞ = t0 < t1 < · · · < tn−1 < tn = ∞ such that
p is equal to some distribution in C on each inter-
val. We define PW(n) = PW(n, C0). If n′ > n, then
PW(n) ⊂ PW(n′).

Definition 4.2 (Piecewise Gaussian Distributions).
Let G be the set of Gaussian distributions {N (µ, σ2) :
µ ∈ R, σ > 0}, then we define the set of piecewise
Gaussian distributions to be PW(n,G).

Definition 4.3 (Tail-consistency). Suppose p ∈
PW(n) with the n-interval-partition described by sub-
divisions −∞ = t0 < t1 < · · · < tn−1 < tn = ∞. We
say p is tail-consistent w.r.t. the k-th subdivision tk if

k∑
i=1

∫ ti

ti−1

pi(z)dz +

∫ ∞
tk

pk+1(z)dz = 1

If p is tail-consistent w.r.t. any k = 1, · · · , n − 1, we
say p is tail-consistent.

Intuitively, suppose p tail-consistent w.r.t. to a cer-
tain subdivision, then if we only look at pieces on its
left and the first piece on its right and regard this
piece prolonged to infinity, then what we have is still
a distribution with integration equal to 1. An exam-
ple is shown in Figure 3: the distribution is composed
of three Gaussian pieces in full lines of three colors,
where the dashed lines are corresponding prolonga-
tions. Then, the area below yellow lines (—/- -) is
equal to the area below the blue dashed line (- -), and
the area below the green full line (—) is equal to the
area below the yellow dashed line (- -).
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Figure 3: A tail-consistent piecewise Gaussian distri-
bution in PW(3,G).

According to Definition 4.3, any distribution in
PW(1) and PW(2) is tail-consistent. suppose p ∈
PW(n) is tail-consistent, then if we regard p as an ele-
ment in PW(n′) where n′ > n, p is still tail-consistent;
thus, our definition is appropriate. Now, we present a

theorem showing that piecewise distributions that are
not tail-consistent w.r.t. the first subdivision cannot
be exactly transformed from a Gaussian distribution.

Theorem 4.3 (Impossible Transformations). If we
apply finite ReLU planar flows over a tail-consistent
distribution, we obtain a piece-wise distribution p ∈
PW(n) for some n ∈ N. Then, p must be tail-
consistent w.r.t. the first subdivision.

This theorem shows that if the input distribution
has continuous density (e.g. a Gaussian distribution),
then after finite ReLU flows, the output distribution
must be piecewise and tail-consistent w.r.t. the first
subdivision. Therefore, if p ∈ PW(n) for some n
that is not tail-consistent, then it cannot be trans-
formed from a Gaussian distribution through finite
ReLU flows. The proof is by induction. When one
more ReLU flow is applied, either the first subdivision
is not modified, or a new first subdivision is produced;
in both cases, the tail-consistency w.r.t. the first sub-
division is retained. Next, we show that single ReLU
flow can modify the last piece of a piecewise distribu-
tion in the following lemma.

Lemma 4.4 (Possible Transformations (single flow)).
∀p, q ∈ PW(n,G), if they share the same subdivi-
sions and density except for the density on the last
piece, then there exists a ReLU planar flow f such that
f#q = p.

Such operation can be explicitly written. Accord-
ingly, if we apply the above operation for multiple
times, producing and fitting subdivisions from left to
right,then we are able to express any tail-consistent
piecewise distribution. This is formally stated in The-
orem 4.5.

Theorem 4.5 (Possible Transformations (flows)).
∀p ∈ PW(n,G), if p is tail-consistent, then there ex-
ists n− 1 ReLU planar flows {ft}n−1

t=1 and a Gaussian
distribution qN such that (fn−1 ◦ · · · ◦ f1)#qN = p.

Combining Theorem 4.3 and Theorem 4.5, we
conclude that only a strictly small subset of piecewise
distributions can be expressed, where tail-consistency
is a fatal property. Although this is an extreme condi-
tion that most piecewise distributions do not satisfy,
it is still possible for tail-consistent piecewise distribu-
tions to enjoy the universal approximation property. It
is known that piecewise constant functions with com-
pact support and finite subdivisions can approximate
any absolutely Lebesgue-integrable function [Lin and
Jegelka, 2018], so do distributions. Therefore, we first
show that tail-consistent piecewise distributions can
approximate any piecewise constant distribution with
compact support and finite subdivisions in Lemma
4.6. Then, the universal approximation (Theorem
4.7) is naturally obtained.
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Lemma 4.6. Given any piecewise constant distribu-
tion qpwc with compact support and finite subdivisions,
∀ε > 0, there exists a tail-consistent piecewise Gaus-
sian distribution qpwg such that ‖qpwg − qpwc‖1 ≤ ε.

The proof is by construction with the key intuition
that since piecewise Gaussian distributions are Lips-
chitz almost everywhere, we can have a large amount
of subdivisions and a piecewise Gaussian distribution
is almost constant on each small interval. Finally,
we present our universal approximation result for one-
dimensional ReLU flows.

Theorem 4.7 (Universal Approximation). For any
target distribution p on R and any ε > 0, there exists
a flow f composed of finite ReLU planar flows and a
Gaussian distribution qN such that ‖f#qN − p‖1 ≤ ε.

In Figure 4, two examples are provided on approx-
imating the same target distribution p with differ-
ent #pieces or #ReLU planar flows. As illustrated,
the approximation almost reaches perfection when we
choose #pieces= 300.
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Figure 4: Target distribution p, its piecewise constant
approximation qpwc of 50 (top)/300 (bottom) pieces,
and its tail-consistent piecewise Gaussian distribution
qpwg generated by 50 (top)/300 (bottom) ReLU planar
flows over a Gaussian.

5 Exact Transformation for d > 1

In this section, we aim to answer the exact transfor-
mation question when the data dimension d > 1. For

a flow f : Rd → Rd, a key observation in the high-
dimensional setting (which does not apply for d = 1)
is that there exists a subspace V ⊂ Rd such that for
any v ∈ V and small α > 0, detJf (z) = detJf (z+αv)
holds almost everywhere. We denote V as the com-
plimentary subspace. By assigning α → 0, we are
then able to develop necessary conditions for two dis-
tributions p, q if there exists a flow that transforms q
into p. Since when α approaches zero, only a small
neighbourhood of z is incorporated, we call these con-
ditions topology matching. Similar to Section 4, we
consider two cases where the flow is composed of (i)
finite general planar flows and (ii) finite ReLU planar
flows. We specifically show how the topology matching
conditions yield negative results to the exact transfor-
mation question (that is, to show there does not exist
such flow that can transform between certain distribu-
tions) in this section.

5.1 General Smooth Non-linearity

Suppose the non-linearity h is an arbitrary smooth
function. We first construct the topology matching
condition for one layer of planar flow, and use this con-
dition to show limitations for a planar flow to trans-
form a Gaussian distribution to another Gaussian dis-
tribution. Then, we naturally generalize the results to
flows composed of multiple planar flows.

Suppose f is a planar flow: f(z) = z + uh(w>z +
b). If w = 0, then f is simply a shift. If w 6= 0,
then there exists a d − 1 dimensional subspace of Rd,
namely span{w}⊥, satisfying that ∀w⊥ ∈ span{w}⊥,
w>w⊥ = 0. Therefore, according to eqn. 5, we have
the complimentary subspace V = span{w}⊥. Now,
we present the topology matching condition for single
planar flow in the following theorem.

Theorem 5.1 (Topology Matching (single flow)).
Suppose distribution q is defined on Rd, and a pla-
nar flow f on Rd has tangent vector w and smooth
non-linearity. Let p = f#q. Then ∀z ∈ Rd,∀w⊥ ∈
span{w}⊥, we have

∂ log p

∂w⊥

∣∣∣∣
f(z)

=
∂ log q

∂w⊥

∣∣∣∣
z

Intuitively, the local directional derivatives of the
logarithm of density are preserved for all directions
perpendicular to w. The proof follows from eqn. 2
and the observation that the log det term is a constant.
As a special case, if z satisfies ∇zq = 0 (which means
that z is a local minima, local maxima, or saddle point
of q), then p(f(z)) must have zero derivatives on d− 1
directions. For instance, suppose p is the standard
Gaussian distribution on R3 and q is a mixture of two
Gaussian distributions on R3 with two peaks. Since
p only has one point (the origin) with zero derivative
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on two directions, we conclude there does not exist a
planar flow that transforms q to p. Next, we present a
corollary with a more surprising result: it is almost im-
possible for a single planar flow to transform between
Gaussian distributions except for few cases.

Corollary 5.1.1 (N 9 N ). Let p ∼ N (0,Σp), q ∼
N (0,Σq) be two Gaussian distributions on Rd. If there
exists a planar flow f on Rd with smooth non-linearity
such that p = f#q, then rank (Σq − Σp) ≤ 1.

Notice that the topology matching condition in
Theorem 5.1 is transitive under multiple planar flows.
Therefore, we naturally obtain the topology matching
condition for flows in the next theorem.

Theorem 5.2 (Topology Matching (flows)). Sup-
pose distribution q is defined on Rd, and n planar
flows {fi}ni=1 on Rd have tangent vectors {wi}ni=1 and
smooth non-linearities. Let f = fn ◦ · · · ◦ f1 and p =
f#q. Then ∀z ∈ Rd,∀w⊥ ∈ span{w1, w2, · · · , wn}⊥,
we have

∂ log p

∂w⊥

∣∣∣∣
f(z)

=
∂ log q

∂w⊥

∣∣∣∣
z

When the number of planar flows n is strictly less
than the data dimension d, span{w1, w2, · · · , wn} is a
strict subspace of Rd. Under such situation, we show
in the following corollary that transformation between
Gaussian distributions is still limited.

Corollary 5.2.1 (N 9 N ). Let p ∼ N (0,Σp), q ∼
N (0,Σq) be two Gaussian distributions on Rd, and
A = Σ−1

q −Σ−1
p has eigenvalues λ1 ≤ · · · ≤ λd. If there

exists flow f on Rd composed of n < d flows with tan-
gent vectors {wi}ni=1 and smooth non-linearities such
that p = f#q, then λn+1 ≥ 0, λd−n ≤ 0. As a result,
rank(A) ≤ 2n.

5.2 ReLU Non-linearity

Suppose f is a ReLU planar flow: f(z) = z+uh(w>z+
b), where the non-linearity h is the ReLU function.
We first demonstrate that linear transformations in Rd
can be expressed by a flow composed of finitely many
ReLU planar flows.

Theorem 5.3 (Linear Transformations). Any linear
transformation g(z) = Az can be generated by 6d − 4
ReLU planar flows.

This indicates that it is possible to transform be-
tween two arbitrary Gaussian distributions through
ReLU flows. The idea in the proof is that any A has
the LUP decomposition, where L and U can be de-
composed as a product of Frobenius matrices, and P ,
a permutation matrix, can be decomposed as a prod-
uct of Householder reflections. Since each matrix can
be exactly expressed through two ReLU planar flows,

we construct an explicit way to express linear trans-
formations through ReLU planar flows.

Although the ReLU non-linearity has quite differ-
ent properties from general smooth non-linearities, it
is possible to construct a similar topology matching
condition for ReLU planar flows. According to eqn.
6, if w>z + b 6= 0, then det Jf (z′) = detJf (z) when z′

is closed to z. Such statement can be further general-
ized: if f is a flow composed of a finite number of ReLU
planar flows, for almost every z ∈ Rd, the determinant
of the Jacobian of f is a constant near z. Based on
this observation, we conclude that the complimentary
subspace V = Rd. Before we state our topology match-
ing condition for ReLU flows inTheorem 5.5, we first
demonstrate the local linearity property of planar flows
in the following lemma.

Lemma 5.4. Let {fi}ni=1 be n ReLU planar flows on
Rd and f = fn ◦ · · · ◦ f1. Then, there exists a zero-
measure closed set Ω ⊂ Rd such that ∀z ∈ Rd\Ω, Jf (z)
is equal to a constant matrix in an open neighbourhood
containing z.

Theorem 5.5 (Topology Matching (ReLU flows)).
Suppose distribution q is defined on Rd, and flow f is
composed of finitely many ReLU planar flows on Rd.
Let p = f#q. Then, there exists a zero-measure closed
set Ω ⊂ Rd such that ∀z ∈ Rd \ Ω,∀ direction δ ∈ Rd,
we have

∂ log p

∂δ̃

∣∣∣∣
f(z)

=
∂ log q

∂δ

∣∣∣∣
z

where δ̃ = Jf (z)δ.

As an intuitive example, in Figure 5 we plot the
surface of q and its transformed distribution p = f#q
where f is a ReLU planar flow. The four peaks of q
are noted in four colors, and their mapped locations
on the surface of p are noted in the same colors. As
illustrated, the mapped locations still correspond to
the peaks of p, which complies with the conclusion in
Theorem 5.5.

The statement (as well as the proof) of Theorem
5.5 is quite similar to Theorem 5.1. To make it
clear, we point out two slight differences here: (i) since
V = Rd is independent of the number of layers n, the
conclusion holds for any number of ReLU flows, and
(ii) the direction is changed by multiplying the Jaco-
bian matrix on the left. Using this condition, we show
in the following corollaries that it is unlikely for finitely
many planar flows to transform between mixture of
Gaussian (MoG) or product (Prod) distributions un-
less special conditions are satisfied.

Corollary 5.5.1 (MoG9MoG). (Informal. See for-
mal version in Corollary 7.0.2) Suppose q and p are
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Figure 5: The surface plot of q (left), a mixture
of Gaussian distribution with 4 peaks located at
(±1,±1), and p = f#q (right), the transformed dis-
tribution of q. The points corresponding to the peaks
on the left are mapped to points on the right with the
same colors (red, blue, purple, black).

mixture of Gaussian distributions on Rd in the follow-
ing form:

p(z) =

rp∑
i=1

wipN (z;µip,Σp), q(z) =

rq∑
j=1

wjqN (z;µjq,Σq)

Then, there generally does not exists a flow f composed
of finitely many ReLU planar flows such that p = f#q.

Corollary 5.5.2 (Prod9Prod). (Informal. See for-
mal version in Corollary 7.0.3) Suppose p and q are
product distributions satisfying:

p(z) ∝
d∏
i=1

g(zi)
rp ; q(z) ∝

d∏
i=1

g(zi)
rq

where rp, rq > 0, rp 6= rq, and g is a smooth function.
Then, there generally does not exists a flow f composed
of finitely many ReLU planar flows such that p = f#q.

5.3 Comparison with Radial Flows

In this section, we present the connection and differ-
ence between planar and radial flows from geometric
insights. First, we present the topology matching con-
dition for a single radial flow in the following theorem.

Theorem 5.6 (Topology Matching (radial flow)).
Suppose distribution q is defined on Rd, and a radial
flow f on Rd has smoothing factor a ∈ R+, scaling
factor b ∈ R, and center z0 ∈ Rd. Let p = f#q. Then
∀z ∈ Rd \ {z0},∀w⊥ ∈ span{z − z0}⊥, we have(

1 +
b

a+ ‖z − z0‖2

)
∂ log p

∂w⊥

∣∣∣∣
f(z)

=
∂ log q

∂w⊥

∣∣∣∣
z

Though similar to the condition presented in Theo-
rem 5.1 in the high level sketch, there are two notable

differences in Theorem 5.6: (i) there is the additional

term
(

1 + b
a+‖z−z0‖2

)
in the condition, and (ii) the

complimentary subspace V for planar flows is invari-
ant in z, while for radial flows V = span{z − z0}⊥
is dependent on z. Next, we show that a radial flow
cannot transform between Gaussian distributions with
different covariance matrices, an even stronger result
than Corollary 5.1.1.

Corollary 5.6.1 (N 9 N ). Let p ∼ N (0,Σp), q ∼
N (0,Σq) be two Gaussian distributions on Rd. If there
exists a radial flow f on Rd such that p = f#q, then
Σq = Σp.

6 `1 Approximation for large d

In this section, we provide a partially negative answer
to the universal approximation question for a specific
sort of planar flow. Such group of planar flows, namely
the local flows, are defined by parameters u,w, b and
local non-linearities h such that there is a constant
ch ∈ R satisfying for any x ∈ R, (i) |h(x)| ≤ ch,
and (ii) |h′(x)| ≤ ch/(1 + |x|). This includes many
popular non-linearities, such as h = tanh (ch = 2),
h = sigmoid (ch = 1), h = arctan (ch = π/2).

Geometrically, a local flow applies non-linear scal-
ing (compression or expansion) on the region near the
subspace {z : w>z+ b = 0} in Rd, while affecting little
on region far away from the subspace (almost a con-
stant shift). This observation leads to the intuitively
that one layer of local can only affect little volume of
the whole space, so a large amount of layers are needed
to approximate the target distribution if supp p is a
large region. We show specifically that this amount,
T , goes up polynomially in the data dimension d with
adjustable degrees. Formally, assuming that a local
flow satisfies ‖u‖2 ≤ 1, and the target distribution p
has bounded density and gradient, we establish a lower
bound on T to halve the `1 distance between the in-
put distribution q and the target distribution p the the
following theorem.

Theorem 6.1 (`1 norm approximation lower bound).
Let p, q be two distributions on Rd satisfying ‖p−q‖1 >
0, and f be a normalizing flow on Rd composed of T
local flows. Suppose the target distribution p satisfies
the following conditions for α, τ ∈ (0, 1):

• p = O(p1), where density p1 satisfies

p1(z) ∝ exp(−‖z‖α2 )

• ‖∇p‖2 = O(‖∇p2‖2), where density p2 satisfies

p2(z) ∝
{

exp(−d) ‖z‖2 ≤ d
1
τ

exp(−‖z‖τ2) ‖z‖2 > d
1
τ

9



or

p2(z) ∝ max
(

0, 1− d− 1
τ ‖z‖2

)
If ‖p− f#q‖1 ≤ 1

2‖p− q‖1, then

T

‖p− q‖1
= Ω

(
min

(
(log d)−

1
α d( 1

α−
1
2 ), d( 1

τ−1)
))

The above theorem indicates that if our target dis-
tribution p has specifically bounded values and gradi-
ents, and the initial distribution q is a random guess
(where ‖p−q‖1 = O(1) probably holds), then we need
a huge number of local flows to reduce the `1 difference
between p and q to its half. The number is polynomial
in the data dimension d with adjustable degrees, so it
can be incredibly huge as d gets large.

A concrete example that satisfies the condition in
Theorem 6.1 is when α = τ and p(z) is equal to
the first p2 in the statement. This satisfies the first
condition because exp(−d) ≤ exp(−‖z‖α2 ) in the ball
centered at the origin with radius d1/α, and the inte-
gration of p1 in this ball is o(1) (see proof of Lemma
6.2). Then, take for instance α = τ = 0.2 and d large
enough, then the lower bound of T becomes Ω(d4),
which is incredibly large in practical scenarios.

The core idea in the proof of Theorem 6.1 is to
bound the `1 norm reduction for every single local flow
layer. For any input distribution qin and local flow floc
with parameters u,w, b and non-linearity h, we define

L = ‖p− qin‖1 − ‖p− floc#qin‖1

∆sp|z = sup
‖δ‖2≤s

|p(z + δ)− p(z)|

Then, it can be shown that

L ≤ 2

∫
Rd

(
ch‖w‖2p(z)

1 + |w>z + b| + ∆chp|z
)
dz

This is a surprising bound in that the `1 norm reduc-
tion is independent in the input distribution qin and
floc. Next, we present Lemma 6.2 and Lemma 6.3
to bound these two terms.

Lemma 6.2.∫
Rd

‖w‖2p1(z)

1 + |w>z + b|dz = O
(

(log d)
1
α d−( 1

α−
1
2 )
)

Lemma 6.3.∫
Rd

(∆chp2|z) dz = O
(
d−( 1

τ−1)
)

Combining these two lemmas, we obtain the conclu-
sion in Theorem 6.1.

7 Conclusions

Normalizing flows are a class of deep generative models
that offer flexible generative modeling as well as easy
likelihood computation. While there has been a great
deal of prior empirical work on different normalizing
flow models, not much is (formally) known about their
expressive power; we provide one of the first system-
atic studies. Our results demonstrate that one needs to
be careful while designing normalizing flow models as
well as their non-linearities in high dimensional space.
In particular, we show that planar flows, a universal
approximator in one dimension, are unable to trans-
form exactly between two (even simple) distributions
in high dimensional space unless rigorous conditions
are satisfied. Additionally, a prohibitively large num-
ber of layers of planar flows are required to even halve
the `1 distance between input and output distributions
when the non-linearities are local.

There are a large number of open problems. Some
unresolved problems towards planar flow expressivity
include (i) can normalizing flows composed of finite
(≥ d) planar flows with arbitrary non-linearities trans-
form between any pair of input-output distributions
in high dimensional space (or conversely, does there
exist a counter example), (ii) are such normalizing
flows universal approximators in converting distribu-
tions, and (iii) what class of distributions can we show
that are easy or hard for normalizing flows composed
of planar flows to transform between. A final open
problem is to look at other, more general classes of
flows, and provide upper and lower bounds on their
expressive power under different non-linearities.
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Appendix: Proofs

Proof of Lemma 4.1

Proof. We construct such f(z) for z in different regions.

• If z ∈
(
l
(q)
i , r

(q)
i

)
for some i, then f(z) = Φ−1

p ◦ Φq(z) satisfies.

• If z ∈
[
r

(q)
i , l

(q)
i+1

]
for some i, we let

f(z) =
l
(p)
i+1 − r

(p)
i

l
(q)
i+1 − r

(q)
i

(
z − r(q)

i

)
+ r

(p)
i

Then, we have

Φp(f(z)) = Φp

(
r

(p)
i

)
= Φq

(
r

(q)
i

)
= Φq(z)

and the boundary conditions are also satisfied:

f
(
r

(q)
i

)
= r

(p)
i , f

(
l
(q)
i+1

)
= l

(p)
i+1

• If z ≥ r(q)
n , then f(z) = z − r(q)

n + r
(p)
n satisfies. If z ≤ l(q)1 , then f(z) = z − l(q)1 + l

(p)
1 satisfies.

Finally, one can check that f is continuous on R. Therefore, if we set

h(z) =
1

u
f

(
z − b
w

)
− z − b

uw

for any u( 6= 0), w(6= 0) and b, we obtain the planar flow form of f : f(z) = z + uh(wz + b).

Proof of Theorem 4.2

Proof. Since any distribution can be approximated by distributions with support composed of finite intervals
excluding infinity, we only need to prove for the following case:

supp p =

n⋃
i=1

(li, ri)

To achieve this, it is sufficient to prove that there exists a distribution p̃ with support equal to R that can
approximate p. For any ε > 0, we construct p̃ in the following way. We first define the threshold

∆ =
2∑n

i=1 (ri − li)
Then, the measure of the set of points x with density p(x) ≥ ∆ is at most 1/∆, and thus the measure of the set
of points x with density p(x) ∈ (0,∆) is at least 1/∆. Denote

γ =

∫
x:0<p(x)<∆

p(x)dx ≤ 1

Now, we define p̃(x) to be:

• If p(x) ≥ ∆, then p̃(x) = p(x).

• If 0 < p(x) < ∆, then p̃(x) = (1− ε/2)p(x).

• If x ∈ [ri, li+1] for some i, then

q̃(x) =
εγ

2n (li+1 − ri)
• If x ≤ l1 or x ≥ rn, then we assign q̃(x) to be a tail of Gaussian distribution such that on this halfspace
q̃(x) ≤ ε/2 and the integration of it is εγ

4n .

It can be easily examined that
‖p− p̃‖1 = εγ ≤ ε

Thus we finish the proof.
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Proof of Theorem 4.3

Proof. We prove that if the input distribution q ∈ PW(n) is tail-consistent w.r.t. the first subdivision (if it is
continuous, we regard it as an element in PW(2)), then the output distribution is still tail-consistent w.r.t. the
first subdivision.

Let a ReLU flow be f(z) = z+uh(wz+ b), where h = ReLU . If −b/w > t1, then the output distribution f#q
over the first and the second pieces is not changed, so the conclusion holds. If −b/w < t1, we can consider p as
an element in PW(n+ 1) with first subdivision −b/w.

As a result, we only need to analyze the case where −b/w = t1. Let q = q1 on interval (−∞, t1), and q = q2

on interval (t1, t2). Then we have

(f#q)(y) =

{
q1(y) y ∈ (−∞, t1)

q2( y−ub1+uw )
1+uw y ∈ (t1, t2)

Since ∫ ∞
t1

q2

(
y−ub
1+uw

)
1 + uw

dy =

∫ ∞
t1

q2

(
y+uwt1
1+uw

)
1 + uw

dy =

∫ ∞
t1

q2(x)dx

(
substituting x =

y + uwt1
1 + uw

)
we know that tail-consistency w.r.t. the first subdivision is preserved.

Proof of Lemma 4.4

Proof. Suppose p, q ∈ PW(n,G) with subdivisions {ti}ni=0, where t0 = −∞, tn =∞. By assumption, p(y) = q(y)
if y ≤ tn−1. Now, we assume on (tn−1,∞), q ∼ N (µn, σ

2
n), and p ∼ N (µ̂, σ̂2). Let f be a ReLU flow

with parameters u,w and b. Since (tn−1,∞) is the piece to be modified, we assign tn−1 = −b/w so that
(f#q)(y) = q(y) for y ≤ tn−1. For y > tn−1,

(f#q)(y) =
q
(
y−ub
1+uw

)
1 + uw

=
N
(
y−ub
1+uw ;µn, σ

2
n

)
1 + uw

Thus, on (tn−1,∞),

f#q ∼ N (ub+ (1 + uw)µn, (1 + uw)2σ2
n) = N ((1 + uw)µn − uwtn−1, (1 + uw)2σ2

n)

If we set u = sgn(σ̂ − σn), w = |1− σ̂/σn|, we have uw = σ̂
σn
− 1, and thus qy ∼ N (µ̃, σ̂2) on (tn−1,∞). Since∫ ∞

tn−1

N (y; µ̃, σ̂2)dy =

∫ ∞
tn−1

N (y; µ̂, σ̂2)dy = 1−
n−1∑
i=1

∫ ti

ti−1

N (y;µi, σ
2
i )dy

we know that µ̃ = µ̂. Thus, the ReLU flow with the above u,w and b = −wtn−1 transforms the right-most piece
of input distribution q to the desired target without changing the other parts.

Proof of Theorem 4.5

Proof. We prove by induction. For n = 1, the result is obvious since any Gaussian distribution can be chosen
as input. Suppose we are able to generate any tail-consistent piece-wise Gaussian distribution of n − 1 pieces.
Given the target distribution of n pieces

p(z) = N (z;µi, σ
2
i ) for z ∈ (ti−1, ti), i = 1, · · · , n,

we first generate an intermediate distribution with n− 1 pieces:

qint(z) =

{
N (z;µi, σ

2
i ) z ∈ (ti−1, ti), i = 1, · · · , n− 2

N (z;µn−1, σ
2
n−1) z ∈ (tn−2,∞)

Since p is tail-consistent, qint ∈ PW(n− 1,G) is a probability distribution. Notice that qint can be viewed as an
element in PW(n,G):

qint(z) =

 N (z;µi, σ
2
i ) z ∈ (ti−1, ti), i = 1, · · · , n− 2

N (z;µn−1, σ
2
n−1) z ∈ (tn−2, tn−1)

N (z;µn−1, σ
2
n−1) z ∈ (tn−1,∞)

Then, we apply one more layer of ReLU flow to transform the right-most piece (tn−1,∞) with density
N (µn−1, σ

2
n−1) into N (µn, σ

2
n) and obtain the desired distribution p.
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Proof of Lemma 4.6

Proof. Suppose the target distribution qpwc has a compact support ⊂ [t−, t+], where qpwc(t
−) and qpwc(t

+) are
strictly positive. First of all, we require qpwg to have integration equal to ε/3 on both intervals (−∞, t−) and
(t+,∞). Then, we regard qpwc as a piecewise constant function on many intervals of O(δ) width, where δ is an
arbitrarily small positive value. Then, the number of intervals is O(1/δ).

Now, we look at each interval. Suppose qpwc(x) = α for x ∈ [t, t+O(δ)]. Then, a valid tail-consistent piecewise
Gaussian piece on this interval has the form N (µ, σ2) with∫ ∞

t

N (x;µ, σ2)dx =

(
1− 2

3
ε

)∫ ∞
t

qpwc(x)dx

Therefore, we have (t− µ)/σ = c for some constant c such that |c| ≤ Φ−1
N (0,1)(ε/3). If α = 0, by letting σ → ∞

we are able to approximate the impossible region within any precision. Thus, we only discuss cases where α > 0.
To make the analysis clearer, we assign N (t;µ, σ2) = α. The solution is given by

σ =
exp(− c22 )√

2πα
, µ = t− cσ

One can check that the Lipschitz constant of the Gaussian distribution is 1√
2πeσ2

. Thus, the `1 norm of the

difference between N (µ, σ2) and α on [t, t+O(δ)] is bounded by∫ t+O(δ)

t

∣∣N (x;µ, σ2)− α
∣∣ dx ≤ O(δ2)

2
√

2πeσ2
=

√
π

2
α2 exp

(
c2 − 1

2

)
O(δ2)

Since we have finite subdivisions, α can be seen as an O(1) constant. Combining with the bound on c, we have∫ t+O(δ)

t

∣∣N (x;µ, σ2)− qpwc(x)
∣∣ dx ≤ O(δ2)

Since there are O(1/δ) intervals, we know that∫ t+

t−

∣∣N (x;µ, σ2)− qpwc(x)
∣∣ dx ≤ O(δ)

Since δ is arbitrary, we can assign O(δ) < ε/3. As a result, ∀ε > 0, there exists a tail-consistent piecewise
Gaussian distribution qpwg with O(1/ε) pieces satisfying ‖qpwg − qpwc‖1 ≤ ε.

Proof of Theorem 4.7

Proof. According to [Lin and Jegelka, 2018], piecewise constant functions with compact support and finite
subdivisions can approximate any Lebesgue-integrable function, so do distributions. Therefore, there exists such
piecewise constant distribution qpwc such that ‖qpwc − p‖1 ≤ ε/2. According to Lemma 4.6, there exists a tail-
consistent piecewise Gaussian distribution qpwg such that ‖qpwg−qpwc‖1 ≤ ε/2. According to Theorem 4.5, there
exists a flow f composed of finite ReLU planar flows and a Gaussian distribution qN such that qpwg = f#qN .
As a result, we have ‖f#qN − p‖1 ≤ ε.

Proof of Theorem 5.1

Proof. For any α ∈ R, according to the expression of planar flows, we have

f(z + αw⊥) = f(z) + αw⊥

Therefore, det Jf (z) = det Jf (z + αw⊥). According to eqn. 2, we have

log p(f(z)) = log(q(z))− log detJf (z)
log p(f(z + αw⊥)) = log(q(z + αw⊥))− log det Jf (z + αw⊥)

Subtracting these two equations, we have

log p(f(z) + αw⊥)− log p(f(z)) = log(q(z + αw⊥))− log q(z)

By multiplying 1/α on both sides and taking α→ 0, we finish the proof.
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Remark. The property f(z + αw⊥) = f(z) + αw⊥ is enjoyed exclusively by planar flows. Let g(z) = f(z)− z,
then we have g(z + αw⊥) = g(z) ∀z ∈ Rd,∀α ∈ R,∀w⊥ ∈ span{w}⊥. Therefore,

g(z) = g((w>z)w)

Now, we define h(t) = g(tw), then we have

f(z) = z + g(z) = z + h(w>z)

As a result, f can be expressed as a planar flow w.r.t. w.

Remark. An example of directional derivative is illustrated in Figure 6.

Figure 6: Directional derivative (green arrow) of a two-dimensional Gaussian distribution at point z = (1, 1) and
direction δ = (−1,−1) (blue arrow).

Proof of Corollary 5.1.1

Proof. If there exists a planar flow f(z) = z + uh(w>z + b) transforming q into p, then according to Theorem
5.1, we have ∀z ∈ Rd,∀w⊥ ∈ span{w}⊥,

z>Σ−1
q w⊥ = f(z)>Σ−1

p w⊥

or equivalently,

z>
(
Σ−1
q − Σ−1

p

)
w⊥ = h(w>z + b)u>Σ−1

p w⊥

First, by setting z = 0, we obtain

h(b)u>Σ−1
p w⊥ = 0, ∀w⊥ ∈ span{w}⊥

Then, by setting z = w⊥, we obtain

(w⊥)>
(
Σ−1
q − Σ−1

p

)
w⊥ = 0, ∀w⊥ ∈ span{w}⊥

• If w>
(
Σ−1
q − Σ−1

p

)
w = 0, then Σp = Σq.

• If w>
(
Σ−1
q − Σ−1

p

)
w > 0, then Σ−1

q −Σ−1
p is PSD, and can be factorized as Q>ΛQ, where Q is orthogonal

and Λ is diagonal. As a result,

Λ
1
2Qw⊥ = 0, ∀w⊥ ∈ span{w}⊥

This indicates that rank
(

Λ
1
2

)
= 1, or rank

(
Σ−1
q − Σ−1

p

)
= 1.

• If w>
(
Σ−1
q − Σ−1

p

)
w < 0, we do the same analysis to Σ−1

p − Σ−1
q and obtain the same result as above.
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Therefore, if rank(Σ−1
q − Σ−1

p ) > 1, there does not exist such planar flow that transforms q into p. Suppose

rank
(
Σ−1
q − Σ−1

p

)
= 1, Since covariance matrices are symmetric, we have Σ−1

q − Σ−1
p = ±ṽṽ>. Therefore,

Σq = (Σ−1
p ± ṽṽ>)−1 for some ṽ ∈ Rd. According to the Sherman−Morrison formula [Sherman and Morrison,

1950], we obtain

Σq = Σp −
±Σpṽṽ

>Σp
1± ṽ>Σpṽ

By assigning v =
Σpṽ√

1±ṽ>Σpṽ
, we obtain Σp − Σq = ±vv>.

Proof of Theorem 5.2

Proof. We prove by induction on n. If n = 1, then it is equivalent to Theorem 5.1. Suppose the conclusion
holds for n− 1: ∀z ∈ Rd,∀w⊥ ∈ span{w1, · · · , wn−1}⊥,

∂ log(fn−1 ◦ · · · ◦ f1)#q

∂w⊥

∣∣∣∣
(fn−1◦···◦f1)(z)

=
∂ log q

∂w⊥

∣∣∣∣
z

By applying Theorem 5.1 on fn at (fn−1 ◦ · · · ◦ f1)(z), we have ∀z ∈ Rd,∀w⊥ ∈ span{wn}⊥,

∂ log(fn ◦ · · · ◦ f1)#q

∂w⊥

∣∣∣∣
(fn◦···◦f1)(z)

=
∂ log(fn−1 ◦ · · · ◦ f1)#q

∂w⊥

∣∣∣∣
(fn−1◦···◦f1)(z)

Since span{w1, · · · , wn−1}⊥ ∩ span{wn}⊥ = span{w1, · · · , wn}⊥, we finish the proof.

Proof of Corollary 5.2.1

Proof. Since n < d, U∗ = span{w1, · · · , wn}⊥ is a subspace of Rd with dimension at least d − n. According to
the proof of Corollary 5.1.1, we have

(w⊥)>
(
Σ−1
q − Σ−1

p

)
w⊥ = 0, ∀w⊥ ∈ span{w1, · · · , wn}⊥ = U∗

Let A = Σ−1
q − Σ−1

p with eigenvalues λ1 ≤ · · · ≤ λd. According to the Courant-Fischer theorem (Chapter 5.2.2.
(4), [Lütkepohl, 1996]),

λd−n = min
dimU=d−n

max
x∈U,x 6=0

x>Ax

x>x

≤ max
x∈U∗,x 6=0

x>Ax

x>x
= 0

λn+1 = max
dimU=d−n

min
x∈U,x 6=0

x>Ax

x>x

≥ min
x∈U∗,x 6=0

x>Ax

x>x
= 0

When n+ 1 ≤ d− n (n < d/2), we can infer that λi = 0 for n+ 1 ≤ i ≤ d− n. Therefore, A has at least d− 2n
zero eigenvalues. This indicates that rank(A) ≤ 2n.

Proof of Theorem 5.3

Proof. First, we show that a rank-one-modification transformation (f(z) = (I +R)z where rank(R) = 1) can be
achieved by composing two ReLU planar flows. Suppose R = uw>, then f = f2 ◦ f1 where

f1(z) = z + h(w>z)u

f2(z) = z − h(−w>z)u
Now, we apply the LUP decomposition to A:

A = LUP
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Notice that L is a triangular matrix and thus is the product of d − 1 Frobenius matrices, and so is U . P , a
permutation matrix, is also an orthogonal matrix. Since any orthogonal matrix can be decomposed to d House-
holder’s reflections, P can be decomposed to product of d rank-one-modification transformations. Therefore, we
need 3d− 2 rank-one-modification transformations to obtain A, which is equivalent to 6d− 4 planar flows.

Corollary 7.0.1. Given any Gaussian distributions q ∼ N (0,Σq) and p ∼ N (0,Σp) centered at the origin, we
can transform q into p with 6d− 4 ReLU planar flows.

Proof. Notice that a PSD matrix Σ can be decomposed to Q>ΛQ, where Q is an orthogonal matrix and Λ is a
diagonal matrix. Therefore, we have

Σq = Q>q ΛqQq

Σp = Q>p ΛpQp

Now, we assign

f(z) = Q−1
p Λ

− 1
2

p Λ
1
2
q Qqz

One can check that this linear function f transforms q into p.

Proof of Lemma 5.4

Proof. Suppose fi has parameters ui, wi, bi for i = 1, · · · , n. Notice that Jfi(z) is equal to either the identity
matrix or a matrix in the form I+uiw

>
i for w>i z+ bi 6= 0. Then, the statement straightly follows from the chain

rule of Jacobian matrix, where

Ω =

n⋃
i=1

{z : w>i z + bi = 0}

Proof of Theorem 5.5

Proof. According to Lemma 5.4, there exists a zero-measure closed set Ω ⊂ Rd such that ∀z ∈ Rd \ Ω, Jf (z) is
constant in an open neighbourhood of z. By the change-of-variable formula in eqn. 2, for small α ∈ R and any
direction δ ∈ Rd,

log p(f(z + αδ))− log q(z + αδ) = log p(f(z))− log q(z)

Next, we expand the Taylor series of f(z + αδ) for small α:

f(z + αδ) = f(z) + αJf (z)δ +O(α2)

Therefore,
log p(f(z) + αJf (z)δ +O(α2))− log p(f(z)) = log q(z + αδ)− log q(z)

By multiplying 1/α on both sides and taking α→ 0, we finish the proof.

Remark. Theorem 5.5 can be extended to any planar flow with h′′ = 0 almost everywhere.

Formal Version of Corollary 5.5.1

Corollary 7.0.2 (MoG9MoG). Suppose q and p are mixture of Gaussian distributions on Rd in the following
form:

p(z) =

rp∑
i=1

wipN (z;µip,Σp), q(z) =

rq∑
j=1

wjqN (z;µjq,Σq)

If a flow f composed of finitely many ReLU planar flows satisfies p = f#q, then for almost every point x ∈ Rd,
it has an open neighbourhood Γx such that ∀z ∈ Γx,∑rp

i,j=1 w
i
pN (Az + b;µip,Σp)N (Az + b;µjp,Σp)A

>Σ−1
p µip(µ

i
p − µjp)>Σ−1

p A(∑rp
j=1 w

j
pN (Az + b;µjp,Σp)

)2

−
∑rq
i,j=1 w

i
qN (z;µiq,Σq)N (z;µjq,Σq)Σ

−1
q µiq(µ

i
q − µjq)>Σ−1

q(∑rq
j=1 w

j
qN (z;µjq,Σq)

)2
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is a constant function in z on Γx for some A ∈ Rd×d and b ∈ Rd.

Proof. Suppose f = f1 ◦ · · · ◦ fn is a normalizing flow composed of finite ReLU planar flows. For almost every
x ∈ Rd, we have Jf is equal to a constant matrix A in an open neighbourhood of x, denoted as Γx. That is, for
some b ∈ Rd,

f(z) = Az + b, ∀z ∈ Γx

Now, we solve the topology matching condition in Theorem 5.5 on Γx. For any direction δ ∈ Rd,

∂ log q

∂δ

∣∣∣∣
z

=
1

q(z)

 rq∑
j=1

wjqN (z;µjq,Σq)(z − µjq)

>Σ−1
q δ

=

z − rq∑
j=1

wjqN (z;µjq,Σq)

q(z)
µjq

>Σ−1
q δ

Similarly,

∂ log p

∂δ̃

∣∣∣∣
f(z)

=
1

p(f(z))

(
rp∑
i=1

wipN (f(z);µip,Σp)(f(z)− µip)
)>

Σ−1
p δ̃

=

(
f(z)−

rp∑
i=1

wipN (f(z);µip,Σp)

p(f(z))
µip

)>
Σ−1
p Jf (z)δ

Since δ is arbitrary, we obtain

(
A>Σ−1

p A− Σ−1
q

)
z +A>Σ−1

p b = A>Σ−1
p

(
rp∑
i=1

wipN (Az + b;µip,Σp)

p(Az + b)
µip

)
− Σ−1

q

 rq∑
j=1

wjqN (z;µjq,Σq)

q(z)
µjq


Notice that the left-hand-side is linear in z. Thus, if p = f#q, then the right-hand-side is should be linear in z.
By standard arithmetic we can calculate the derivative of the right-hand-side over z as follow:∑rp

i,j=1 w
i
pN (Az + b;µip,Σp)N (Az + b;µjp,Σp)A

>Σ−1
p µip(µ

i
p − µjp)>Σ−1

p A(∑rp
j=1 w

j
pN (Az + b;µjp,Σp)

)2

−
∑rq
i,j=1 w

i
qN (z;µiq,Σq)N (z;µjq,Σq)Σ

−1
q µiq(µ

i
q − µjq)>Σ−1

q(∑rq
j=1 w

j
qN (z;µjq,Σq)

)2

However, this is generally a non-constant function in z except for some special cases.

Remark. To give a simple case where the condition in Corollary 7.0.2 does not hold, we let rp = rq = 2,
µ1
p = µ1

p, µ1
q 6= µ2

q and w1
q = w2

q = 1
2 . Then, the difference in the condition is given by

− 2N (z;µ1
q,Σq)N (z;µ2

q,Σq)(
N (z;µ1

q,Σq) +N (z;µ2
q,Σq)

)2 Σ−1
q (µ1

q − µ2
q)(µ

1
q − µ2

q)
>Σ−1

q

If it is a constant function in z, then both N (z;µ1
q,Σq) +N (z;µ2

q,Σq) and N (z;µ1
q,Σq)−N (z;µ2

q,Σq) are equal

to a constant times
√
N (z;µ1

q,Σq)N (z;µ2
q,Σq). As a result, N (z;µ1

q,Σq)/N (z;µ2
q,Σq) is a constant for z ∈ Γx.

By expanding the density expression, we have z>Σ−1
q (µ1

q−µ2
q) is a constant for z ∈ Γx. However, since µ1

q 6= µ2
q,

Σ−1
q (µ1

q − µ2
q) 6= 0. Contradiction.

Formal Version of Corollary 5.5.2

Corollary 7.0.3 (Prod9Prod). Suppose p and q are product distributions satisfying:

p(z) ∝
d∏
i=1

g(zi)
rp ; q(z) ∝

d∏
i=1

g(zi)
rq
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where rp, rq > 0, rp 6= rq, and g is a smooth function. If a flow f composed of finitely many ReLU planar flows
satisfies p = f#q, then for almost every point x ∈ Rd, it has an open neighbourhood Γx such that ∀z ∈ Γx,

rq∇ log g(z) = rpA
>∇ log g(Az + b)

holds for some b ∈ Rd, where g(z) = (g(z1), · · · , g(zd))
>, and ∇ takes the gradient of the i-th function w.r.t the

i-th variable for 1 ≤ i ≤ d.

Proof. Suppose f = f1 ◦ · · · ◦ fn is a normalizing flow composed of finite ReLU planar flows. For almost every
x ∈ Rd, we have Jf is equal to a constant matrix A in an open neighbourhood of x, denoted as Γx. That is, for
some b ∈ Rd,

f(z) = Az + b, ∀z ∈ Γx

Now, we solve the topology matching condition in Theorem 5.5 on Γx. For any direction δ ∈ Rd, we obtain

rp

d∑
i,j=1

Aijδj
g′((Az + b)i)

g((Az + b)i)
= rq

d∑
i=1

δi
g′(zi)

g(zi)

Since δ is arbitrary, we assign δj = 1, δi = 0, i 6= j for each j. This leads to the following result:

rp

d∑
i=1

Aij
g′((Az + b)i)

g((Az + b)i)
= rq

g′(zj)

g(zj)
, j = 1, · · · , d

Rewriting this equation into vector form, we finish our proof.

Remark. To give a simple case where the condition in Corollary 7.0.3 does not hold, we let d = 2 and g(x) = x.
Then, the necessary condition becomes

rq
rpz1

=
A11

A11z1 +A12z2 + b1
+

A21

A21z1 +A22z2 + b2
rq
rpz2

=
A12

A11z1 +A12z2 + b1
+

A22

A21z1 +A22z2 + b2

or equivalently,
rq(A11z1 +A12z2 + b1)(A21z1 +A22z2 + b2)

= (A11(A21z1 +A22z2 + b2) +A21(A11z1 +A12z2 + b1))rpz1

= (A12(A21z1 +A22z2 + b2) +A22(A11z1 +A12z2 + b1))rpz2

By checking the z1z2 term, we obtain A11A22 +A12A21 = 0, which indicates that detA = 0. This contradicts the
fact that f is an invertible flow. As a result, there does not exist a flow composed of finitely many ReLU flows
that transform p(z) ∝ (z1z2)rp to q(z) ∝ (z1z2)rq .

Proof of Theorem 5.6

Proof. By standard algebra, it can be shown that the Jacobian of f is given by

Jf (z) =

(
1 +

b

a‖z − z0‖2

)
I − b(z − z0)(z − z0)>

(a+ ‖z − z0‖2)2‖z − z0‖2

Therefore, its determinant is

det Jf (z) =

(
1 +

b

a+ ‖z − z0‖2

)d
−
(

1 +
b

a+ ‖z − z0‖2

)d−1
b‖z − z0‖2

(a+ ‖z − z0‖2)2

Notice that if ‖z−z0‖2 does not change then det Jf (z) remains the same. Therefore, for any z 6= z0, any direction
w⊥ ∈ span{z − z0}⊥ and small positive real number r, we have

det Jf (z + rw⊥)− det Jf (z) = O(r2)
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f(z + rw⊥)− f(z) =

(
1 +

b

a+ ‖z − z0‖2

)
rw⊥ +O(r2)

By the change-of-variable formula in eqn. 1

p(f(z)) =
q(z)

det Jf (z)
, p(f(z + rw⊥)) =

q(z + rw⊥)

det Jf (z + rw⊥)

For r small, q(z) is continuous and positive in Br(z), so p(f(z + rw⊥))/q(z) = O(1). Therefore,

q(z + rw⊥)

q(z)
=
p(f(z + rw⊥))

p(f(z))
+O(r2)

By subtracting one, multiplying 1/r, and letting r → 0 on both sides, we finish the proof.

Proof of Corollary 5.6.1

Proof. Let the radial flow be f(z) = z+ b
a+‖z−z0‖2 (z− z0) with b 6= 0. For conciseness, we write vx = 1 + b

a+‖x‖2
for any x ∈ Rd. Now, we assign x = z − z0 and solve the topology matching condition in Theorem 5.6. By
standard algebra, we obtain for any x ∈ Rd \ {0}, if x>w⊥ = 0, then(

vx(z0 + vxx)>Σ−1
p − (x+ z0)>Σ−1

q

)
w⊥ = 0

This indicates that

(v2
xΣ−1

p − Σ−1
q )x+ (vxΣ−1

p − Σ−1
q )z0

is parallel to x (or equal to 0). By applying the same analysis to −x, we have

(v2
xΣ−1

p − Σ−1
q )(−x) + (vxΣ−1

p − Σ−1
q )z0

is parallel to x (or equal to 0). Adding these two vectors, we have (vxΣ−1
p −Σ−1

q )z0 is parallel to x (or equal to

0) for any x ∈ Rd \ {0}. As a result, z0 is the origin, and (v2
xΣ−1

p − Σ−1
q )x is parallel to x. The only possibility

to this claim is that v2
xΣ−1

p − Σ−1
q is a multiple of the identity matrix for any x ∈ Rd \ {0}. Since vx varies as x

changes, both Σp and Σq are multiple of the identity matrix: Σp = κpI, Σq = κqI.
Next, we apply the results above to the change-of-variable equation in eqn. 2 of radial flow. By standard

algebra, we have for any z ∈ Rd \ {0},

1

2
log κp +

v2
zz
>z

2κp
=

1

2
log κq +

z>z

2κq
+ log det Jf (z)

Notice that as ‖z‖2 → ∞, the left-hand-side is equal to
‖z‖22
2κp

+ b
κp
‖z‖2 + o(‖z‖2), while the right-hand-side is

equal to
‖z‖22
2κq

+O(1). Then, b must be 0, which means that f is the identity map, and p, q are identical.

Proof of Lemma 6.2

Proof. For conciseness, in this proof we denote p as p1, and for r > 0, we denote p(r) as p(z) for any z such that
‖z‖2 = r. In other words, p(r) ∝ exp(−rα). The outline of the proof is: (i) simplify the expression by showing
b = 0, (ii) rewrite the expression in polar coordination system, and (iii) apply bounds from Gamma functions
to obtain the result.

Step 1: simplification by solving w and b. Notice that there is also the w term on the numerator, we have
‖w‖2/(1 + |w>z + b|) = 1/(1/‖w‖2 + |w̃>z + b|), where w̃ = w/‖w‖2. Thus, to make the integration largest,
‖w‖2 should equal to 1. Since p is symmetric, any direction of w is equivalent. Therefore, we set w = ed: the
d−th coordinate has value 1 and all other coordinates have value 0.

Next, we show b = 0. To maximize the integration, we have

∂

∂b

∫
Rd

p(z)

1 + |zd + b|dz = 0
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The partial derivative is equal to∫
Rd
− sgn(zd + b)

(1 + |zd + b|)2
p(z)dz =

∫
Rd−1

dz1:d−1

(∫ −b
−∞

p(z)

(1 + |zd + b|)2
dzd −

∫ ∞
b

p(z)

(1 + |zd + b|)2
dzd

)
=

∫
Rd−1

dz1:d−1

(∫ 0

−∞

p(z − bed)
(1 + |zd|)2

dzd −
∫ ∞

0

p(z − bed)
(1 + |zd|)2

dzd

)
=

∫
Rd−1

dz1:d−1

∫ ∞
0

p(z + bed)− p(z − bed)
(1 + zd)2

dzd

Using the fact that if b > 0 then p(z + bed) − p(z − bed) > 0 and if b < 0 then p(z + bed) − p(z − bed) < 0, we
conclude b = 0. Therefore, our objective becomes∫

Rd

p(z)

1 + |zd|
dz

Step 2: rewriting by using polar coordinates. Let r = ‖z‖2, then z can be expressed by polar coordinates in
the following form:

z1 = r sin θ1 sin θ2 · · · sin θd−1

z2 = r cos θ1 sin θ2 · · · sin θd−1

z3 = r cos θ2 sin θ3 · · · sin θd−1

...
...

zd−1 = r cos θd−1 sin θd−1

zd = r cos θd−1

, θ1 ∈ [0, 2π), θi ∈ [0, π), 2 ≤ i ≤ d− 1

The determinant of the Jacobian matrix of this transformation is given in [Muleshkov and Nguyen, 2017]:

det Jd = (−1)d−1rd−1
d−1∏
k=2

sink−1 θk

Therefore, we have∫
Rd

p(z)

1 + |zd|
dz =

∫ ∞
0

dr

∫ 2π

0

dθ1

∫ π

0

dθ2 · · ·
∫ π

0

dθd−1

(
p(r)

1 + |r cos θd−1|
rd−1

d−1∏
k=2

sink−1 θk

)

=

(
2π

d−2∏
k=2

∫ π

0

sink−1 θkdθk

)
×
∫ ∞

0

dr

∫ π

0

dθd−1

(
p(r)

1 + |r cos θd−1|
rd−1 sind−2 θd−1

)
Step 3: further simplification via normalization. Since the integration of p over Rd is 1, we can write

1 =

∫
Rd
p(z)dz =

∫ ∞
0

dr

∫ 2π

0

dθ1

∫ π

0

dθ2 · · ·
∫ π

0

dθd−1

(
p(r)rd−1

d−1∏
k=2

sink−1 θk

)

=

(
2π

d−1∏
k=2

∫ π

0

sink−1 θkdθk

)
×
∫ ∞

0

p(r)rd−1dr

Furthermore, notice that ∫ π

0

sind−2 θdθ =

√
πΓ
(
d−1

2

)
Γ
(
d
2

)
According to Stirling’s formula for Gamma functions, we have

log Γ

(
d− 1

2

)
− log Γ

(
d

2

)
= Θ

(
d− 1

2
log

d− 1

2
− d

2
log

d

2

)
= Θ

(
−1

2
log d

)
We are then able to simplify the integration as∫

Rd

p(z)

1 + |zd|
dz =

∫∞
0
dr
∫ π

0
dθd−1

(
p(r)

1+|r cos θd−1|r
d−1 sind−2 θd−1

)
∫∞

0
p(r)rd−1dr

·Θ(
√
d)

Step 4: applying inequalities to two cases.
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• When r ≤ d, we use ∫ π

0

sind−2 θ

1 + |r cos θ|dθ ≤
∫ π

0

sind−2 θdθ = Θ(d−
1
2 )

• When r > d, we use ∫ π

0

sind−2 θ

1 + |r cos θ|dθ ≤
∫ π

0

sin θ

1 + |r cos θ|dθ =
2 log(1 + r)

r

Then, we have ∫
Rd

p(z)

1 + |zd|
dz =

∫ d
0
p(r)rd−1dr∫∞

0
p(r)rd−1dr

+ Θ(
√
d) ·

∫∞
d
p(r)rd−2 log(1 + r)dr∫∞

0
p(r)rd−1dr

(7)

Step 5: final computation. By applying p(r) ∝ exp(−rα), we are able to prove the following bounds.

• For the first term in eqn. 7, let the incomplete Gamma function be

γ(a, x) =

∫ x

0

ta−1e−tdt

According to [Neuman, 2013], we have

γ(a, x) ≤ xa(1 + ae−x)

a2

Therefore, we could bound the first term as∫ d
0
p(r)rd−1dr∫∞

0
p(r)rd−1dr

=

∫ d
0
e−r

α

rd−1dr∫∞
0
e−rαrd−1dr

(let s = rα) =
1
α

∫ dα
0

e−ss
d
α−1ds

1
α

∫∞
0
e−ss

d
α−1ds

= γ

(
d

α
, dα
)/

Γ

(
d

α

)
= O

α2dd−2 + αdd−1e−d
α

√
d
(
d−α
αe

) d
α−1


= O

(
(αe)

d
α d−( 3

2 + d
α−d)

)
• For the second term in eqn. 7, we let β satisfy log(1 + d) = dβ . Then, log(1 + r) ≤ rβ when r > d, and
β → 0 as d goes to infinity. Thus, we obtain∫∞

d
p(r)rd−2 log(1 + r)dr∫∞

0
p(r)rd−1dr

≤
∫∞
d
p(r)rd+β−2dr∫∞

0
p(r)rd−1dr

≤
∫∞

0
p(r)rd+β−2dr∫∞

0
p(r)rd−1dr

= O

Γ
(
d+β−1
α

)
Γ
(
d
α

)


= O
(
d−

1−β
α

)
= O

(
(log d)

1
α d−

1
α

)
In conclude, the first term in eqn. 7 is exponential in 1/d while the second term is polynomial in 1/d. Thus,

we finish the proof.
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Proof of Lemma 6.3

Proof. Similar to the notations in the proof of Lemma 6.3, we denote p as p2, and for r > 0, we denote p(r) as
p(z) for any z such that ‖z‖2 = r.
◦ Suppose

p(r) ∝ p̃(r) =

{
exp(−d) r ≤ d 1

τ

exp(−rτ ) r > d
1
τ

One can check that p(r) is continuous on R. First, we use polar coordinates to rewrite the integration.
Following by steps 2-3 in the proof of Lemma 6.2, we obtain∫

Rd
(∆chp|z) dz =

∫∞
0

(∆chp|r) rd−1dr∫∞
0
p(r)rd−1dr

=

∫∞
0

(∆ch p̃|r) rd−1dr∫∞
0
p̃(r)rd−1dr

Next, we show that (∆ch p̃|r) /p̃(r) = O
(
d−( 1

τ−1)
)

. We split the rest of the proof into 3 cases.

• When r ≤ d1/τ − ch, ∆ch p̃|r = 0.

• When r ≥ d1/τ , the second derivative of p̃(r) is strictly positive, so

∆ch p̃|r ≤ ch|p̃′(r)| = chτr
τ−1 exp(−rτ )

Therefore,
∆ch p̃|r
p̃(r)

≤ chτrτ−1 ≤ chτd−( 1
τ−1)

• When d1/τ − ch < r < d1/τ , we have

∆ch p̃|r ≤ ∆ch p̃|d1/τ ≤ ch|p̃′(d1/τ )| = chτd
−( 1

τ−1) exp(−d)

Since p̃(r) = exp(−d) in this case, we obtain

∆ch p̃|r
p̃(r)

≤ chτd−( 1
τ−1)

Summing these up, we finish the proof for the first case.
◦ Suppose

p(r) ∝ p̃(r) = max
(

0, 1− d− 1
τ r
)

We directly calculate ∫
Rd

(∆chp|z) dz =

∫∞
0

(∆ch p̃|r) rd−1dr∫∞
0
p̃(r)rd−1dr

The denominator is bounded by the following:

∫ ∞
0

(∆ch p̃|r) rd−1dr ≤
∫ d

1
τ +ch

0

d−
1
τ rd−1dr

=
(
d

1
τ + ch

)d
d−(1+ 1

τ )

The numerator is equal to the following:

∫ ∞
0

p̃(r)rd−1dr =

∫ d
1
τ

0

rd−1dr − d− 1
τ

∫ d
1
τ

0

rddr

=
1

d
d
d
τ − 1

d+ 1
d−

1
τ d

d+1
τ

=
d
d
τ

d(d+ 1)
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Therefore, the division is bounded by∫∞
0

(∆ch p̃|r) rd−1dr∫∞
0
p̃(r)rd−1dr

≤ d+ 1

d
1
τ

(
1 + chd

− 1
τ

)d
= O

(
d−( 1

τ−1) exp
(
chd

1− 1
τ

))
= O

(
d−( 1

τ−1)
)

Thus, we finish the proof for the second case.

Proof of Theorem 6.1

Proof. For any input distribution qin on Rd and local flow floc with parameters u,w, b and non-linearity h, we
define

L = ‖p− qin‖1 − ‖p− floc#qin‖1
Notice that (floc#qin)(floc(z)) = qin(z)/|det Jfloc(z)|. By letting y = floc(z), z = f−1

loc (y), we have∫
Rd
|p(y)− (floc#qin)(y)|dy =

∫
Rd

∣∣∣∣p(y)− qin(z)

|det Jfloc(z)|

∣∣∣∣ dy
=

∫
Rd

∣∣∣∣p(f(z))− qin(z)

|det Jfloc(z)|

∣∣∣∣ |det Jfloc(z)|dz

=

∫
Rd
|det Jfloc(z)p(floc(z))− qin(z)| dz

Therefore,

L ≤
∫
Rd
|det Jfloc(z)p(floc(z))− p(z)| dz

=

∫
Rd

∣∣(1 + u>wh′(w>z + b))p(z + uh(w>z + b))− p(z)
∣∣ dz

Now we define
∆sp|z = sup

‖δ‖≤s
|p(z + δ)− p(z)|

Then, since ∀x ∈ R, |h(x)| ≤ ch, h′(x) ≤ ch/(1 + |x|), we have

L ≤
∫
Rd

(
|u>wh′(w>z + b)|p(z) + 2|p(z + uh(w>z + b))− p(z)|

)
dz

≤
∫
Rd

(
ch

1 + |w>z + b| |u
>w|p(z) + 2‖u‖∆chp|z

)
dz

≤ 2

∫
Rd

(
ch‖w‖2p(z)

1 + |w>z + b| + ∆chp|z
)
dz

Finally, using Lemma 6.2 and Lemma 6.3, we finish the proof.
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